
1 Recap
Here’s our current setup for studying the McCallum papers:

• Fa,b,c for a, b, c satisfying some conditions is the Fermat quotient curve, given by

y2 = (�1)

a
.....

• A is its Jacobian.

• A (Q) is the closure of the set A (Q) of rational points of A, in the topology induced by the p-adic
analytic manifold structure of A (Qp).

• \A (Q) is the saturation of A (Q) as a subgroup of A (Qp), defined by

\A (Q) =

n

D 2 A (Qp) : nD 2 A (Q) for some n
o

.

So two weeks ago, Matt described the short exact sequence:

0 !
\A (Q)

p\A (Q)

! A (Qp)

pA (Qp)
! M ! 0

where M is some unknown Fp vector space, and then last week Kirsten finished showing that M 6= 0. Matt
had claimed that this implies the:

Chabauty-Coleman Hypothesis (CCH)

dim

an A (Q) < dim

an A (Qp) .

My first goal today is to explain why, and then I’ll use (essentially) the same techniques to explain once
again where the Coleman differential comes from.

So there are two (three?) facts that come together here:

Lemma

1. \A (Q) is an analytic manifold.

2. dim

an A (Q) = dim

an \A (Q).
3. If G is a compact commutative p-adic Lie group, then

dim

an G = dimFp (G/pG)� dimFp (G [p]) .

Proof (of CCH) Simply note that

0 < dimFp M = dimFp

✓

A (Qp)

pA (Qp)

◆

� dimFp

 

\A (Q)

p\A (Q)

!

by the above short exact sequence. Of course, since \A (Q) is saturated, we know that \A (Q) [p] =
A (Qp) [p], so it follows from the vectorspace-dimension formula. t

The proofs of 2. and 3. will use the following general fact:

Theorem L Let G be a commutative p-adic Lie group of dimension d. Then there exists an open subgroup
isomorphic to pZd

p.

We won’t prove this completely, or even nearly, but I’ll explain it in great detail shortly.

Proof (of lemma)
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1. Omitted.
2. pZd

p is torsion-free, but \A (Q)/A (Q) is a torsion Lie group, so it cannot contain any nonzero
torsion-free subgroup. Hence, it can only contain pZ0

p, and so has dimension zero.
3. Now note that the quantity � (G) = dimFp (G/pG) � dimFp (G [p]) is additive in short exact

sequences of Lie groups (using the snake lemma on the multiplication-by-p diagram). Choose
pZd

p ✓ G, with quotient �, and note that

0 ! pZd
p ! G ! � ! 0

reduces the problem to �, since it is trivially verified for pZd
p. Since G is compact and pZd

p is
open, � is finite. The short exact sequence

0 ! � [p] ! �

p! � ! �/p� ! 0

of finite abelian groups shows that #� [p] = #�/p�, and so dimFp � [p] = dimFp �/p�. t

2 Interlude: p-adic differential geometry
References For the next three sections: Bourbaki Lie Algebras and Lie Groups, and Schneider p-adic Lie

groups. The latter book is divided into two parts, and everything here is found in Part A, which is
freely available online from Pete Schneider’s website.

In the real case, we usually talk about smooth manifolds when discussing Lie groups. A theorem in differential
topology states that any C1 manifold admits a C!-structure, and that this structure is unique up to analytic
isomorphism. In fact, it can be shown that if the original manifold is a Lie group (that is, if it has group
structure whose multiplication and inversion maps are smooth) then the group structure can be analytified
with it. Actually, we only need a C1 structure to do any of this.

In fact, while C0 manifolds cannot always be analytified, “C0 Lie groups” (topological groups which are
also topologial manifolds) always can, which is pretty remarkable!

Anyways, the point is that even though most authors choose C1, our regularity condition actually doesn’t
matter at all in the real case, so there’s no reason not to go all the way analytic in the p-adic case. Not to
mention, while we can talk about differentiability over Qp, since the base field is totaly disconnected, it’s
really easy for function to be differentiable, (we can patch differentiable functions together in wild ways), so
choosing C! leads to a richer theory.

Let’s get started:

Facts about power series that carry over from the Archimedian case

1. (Radius of convergence) Consider a p-adic power series f 2 Qp [[x]], where x = x
1

, . . . , xn.
There exists ⇢ 2 R such that

f (p)

(

converges if |p| < ⇢

dverges if |p| > ⇢.

Unlike in the real case, this is not unique (because the image of |·| : Qd
p ! R need not have dense

image), but there is a canonical choice

⇢f = inf

⇢2R
(the property above)

called the radius of convergence of f .

Example Consider the usual exponential series

exp :=

1
X

n=0

xn

n!
2 Qp [[x]] .

2



It converges with radius p�1/(p�1). In fact, the same is true if we replace Qp by any unramified
p-adic field. In general if K/Qp is a finite extension with ramification index e, it’ll converge
on the slightly smaller disk

p�e/(p�1).

This makes sense since all the valuations are being scaled by a factor of e.
2. (Identity theorem) Clearly the set of all f 2 Qp [[x]] with ⇢f � ⇢ forms a subring, which

we’ll denote Qp {x}r. Consider the ring Sr = {f : Br ! Qp}. Then there is clearly a natural
homomorphism Qp {x}r ! Sr. In fact, it is injective, so we may think of Qp {x}r as a ring of
functions defined on Br.

3. (Analytic functions) More importantly, we have

Qp {x} =

[

r>0

Qp {x}r ,

the ring of somewhere convergent power series in x. Obviously, the natural map Qp {x} !
{germs at the origin} is also injective (since it’s a union of injective maps), so we call Qp {x} the
ring of analytic functions near x = 0.

4. (Locally analytic functions) A map U ! Qm
p for U ✓ Qn

p open is called locally analytic if
each point p 2 U has a neighborhood such each projection f �U! Qp is analytic (after translating
to the origin).
Note Why not just call these analytic functions, like in the Archimedian case? Well in our

hearts, we believe that “analytic” should mean “determined by its values on any tiny ball.”
An analytic map Br ! Qp has this property, since once we know it on a tiny neighborhood,
we can compute derivatives and use some standard translation-of-Taylor-series formulae to
reconstruct the original one. Unfortunately, since every open ball is also closed, we can glue
analytic functions together in wild ways, so locally anlaytic doesn’t imply analytic ever.

We can defined analytic isomorphism, etc. in the obvious way.
5. (Analytic manifolds) A p-adic analytic manifold is a topological space X together with an

atlas of charts �i : Ui ! X of homeomorphisms of open sets with Ui ✓ Qni
p such that the maps

��1

i � �j : Ui ! Uj

are all locally analytic.
Examples

(a) Zp

(b) Z⇥
p

(c) The p-adic points of a smooth algebraic variety. (The “regular value theorem” works just
fine over Qp.)
• I am not sure whether the converse holds, but I doubt it.

(d) The p-adic closure of the rational points of a smooth algebraic variety? I really don’t
know why.

(e) The linear groups GLn (Qp), SLn (Qp), etc.
(f) A disjoint union of Zd

p’s.
Actually Every p-adic manifold is one of these. (That is, they’re all disjoint unions of
Zp’s, including examples (a-e).) So why even bother studying them? Well for the most
part, all the manifolds we’ll be interested in are Lie groups, and p-adic Lie groups do
not all decompose into Zd

p’s group-theoretically. This is why its so remarkable that
they all have Zd

p as a subgroup neighborhood of the identity.
6. A p-adic Lie group is a p-adic analytic manifold together with an analytic group multiplication.

(We don’t need to require an analytic inverse map - this comes for free from the inverse function
theorem.)
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Defintion A vector field is a linear map
v : C !

(M) ! Qp

such that
v (fg) = fv (g) + gv (f) .

They form a vector space denoted X (M).

Definition A Lie algebra over a field K is a vector space V/K together with a bilinear map

[�,�]

Examples

1. The ring R of n⇥ n matrices with [A,B] = AB�BA is a Lie algebra. More generally, we can do
this with any associative algebra.

2. If M is an analytic manifold over any reasonable field you please, then the map

[�,�] : X (M)⇥ X (M) ! X (M)

(v, w) 7! v � w � w � v

is a Lie algebra.
3. If M = G is a Lie group, then the group itself acts on X (G) by translations. (Composition with

an automorphism is an isomorphism C !
(G) ! C !

(G).) It can act by multiplication on the left
or on the right, but it turns out that the invariant subspace is the same either way, so we’ll write
Lie (G) = X (G)

G. This vector subspace is also a Lie subalgebra.
4. A Lie group is parallelizable: translation gives a canonical isomorphism of any two of its tangent

spaces, so TG = G ⇥ TeG, and this splitting respects the action just described. In this way, we
have a canonical isomorphism

Lie (G)

⇠! TeG.

In other words, the tangent space at the origin of a Lie group (or at any other point, for that
matter) is a Lie algebra.

3 Structure of p-adic Lie groups
Before beginning to discuss it, I want to state a more general version of our goal theorem:

Definition A local homomorphism � : G ! H of Lie groups is a homomorphism of some open subgroups
of the two groups. The category of Lie groups together with all these maps is called the category of
p-adic Lie group germs, and there is a natural forgetful functor

LGrp ! LGrm.

Clearly the Lie algebra is determined by arbitrarily small subgroup neighborhoods of the origin, so the
Lie algebra functor factors through this one, and depends only on the germ.

Theorem L The Lie algebra functor
LGrm ! LAlg

is an equivalence of categories.

We may now have three lingering questions:

1. How does this specialize to our old Theorem L?

2. How does this relate to the main theorem in the theory of Archimedean Lie groups?
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3. Why is this more general fact even true?

The first, unsurprisingly, is the easiest question to answer:

1. Well if G is a commutative Lie group, then it has a trivial Lie bracket, and so Lie (G)

⇠
=

Lie
�

Qd
p

�

,
so these two Lie groups have an open subgroup in common, but Qd

p has a basis of open subgroups
isomorphic to pZd

p, done!

Two comes next, which is presumably why I put it second, I guess:

2. Over R, the theorem can be stated in exactly the same way, but we need to define a group germ a little
differently. The point is that we can’t always find arbitrarily small open subgroups. Consider Rn, for
instance, which is generated by any open ball, and so has no proper open subgroups at all! A local
isomorphism then needs to be defined as a “multiplicative map defined on open neighborhoods of the
origin,” and we can’t require those neighborhoods to be subgroups. We prefer working with subgroups,
though, and fortunately it’s not hard to show by translating around that any local isomorphism of
R-Lie groups extends to a topological covering ! Moreover, it’s even easier to see that every topological
covering can be given a unique Lie group structure, and there we have it.
So instead of identifying a group with its open subgroup, we identify it with its coverings, and this gives
us a canonical representative for each equivalence class: the universal cover. Hence the Archimedian
theory gives us a functorial (approximate) bijection between Lie algebras and simply connected Lie
groups.
If you’re Bourbaki and you want to treat thsese two theories uniformly, how do you discuss subgroups
of p-adic groups and coverings of real groups at once? We do it with the following definition, which I
think of generalizing the unit ball in Rn:

Definition A Lie group germ is an analytic manifold X together with an open subset U and an
analytic map µ : U ⇥ U ! X satisfying group-like properties, for instance:
(a) U contains an identity.
(b) Every element of V has an inverse in V .
(c) There is V ✓ U with µ (V ⇥ V ) ✓ U and associativity holds on V .

Like I said, the unit ball in Rn together with the vector addition map U ⇥ U ! Rn is an example of
this. Another example is a unit ball in Qn

p , but the weird thing that happens there is that the unit
ball is actually a subgroup; this is characteristic of the general situation, non-Archimedean Lie group
germs contain subgroups, and Archimedean ones don’t always.
(An actual honest Lie group is also always a Lie group germ.)
The germ formalizes and unifies the ideas of (1) a covering space and (2) an open subgroup, and (at
least to me) it’s pretty cool that we can handle those two ideas at once.

Finally, we handle the biggest question.

4 The Campbell-Hausdorff Lie group germ and the p-adic logarithm
Consider a Lie algebra g. We want to construct from it a Lie group germ in a functorial way. Using the
algebra structure, we can make sense of the power series

exp :=

1
X

n=0

xn

n!
2 g [[x]]

log :=

1
X

n=0

(�1)

n

n
xn 2 g [[x]] .

I’m lying to you a little bit about g [[x]] - a big (and ultimately unintersting, for our purposes) part of this
proof is constructing the appropriate “associative power series algebra” for these series to live in, and it’s
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description is not so simple, but also not necessary for a general overview of the subject. The power xn

is not an n-fold Lie bracket of x (which would always be zero for n � 2) but the product in the universal
enveloping algebra of g, which was loosely described above.

Then we consider the map

��� : g⇥ g ! g

(x, y) 7! log (exp (x) exp (y)) .

Theorem For any complete field K with Q ✓ K dense (that is R, C or finite extensions of Qp), or a finite
extension of such a field:

1. This series converges in some neighborhood of the origin, and gives g the structure of a Lie group
germ, called the Campbell-Hausdorff Lie group germ of g.

2. If [x, y] = 0, then x� y = x+ y as vectors in g.
3. We can canonically identify g with its own tangent space, and this gives us a natural map g !

Lie (g,�). This map is an isomorphism.
4. This construction is functorial: any homomorphism g ! h of Lie algebras gives one of Campbell-

Hausdorff germs.
5. For any Lie group germ G, G ⇠

=

(Lie (g) ,�) as Lie group germs (that is, locally isomorphic.)
6. When K is nonarchimedean, the balls of convergence for � are honestly sugroups, and the iso-

morphism G ⇠
=

(Lie (G) ,�) comes from an honest isomorphism of subgroups.

• When G is commutative, this last claim is obvious, since Lie (G)

⇠
=

Qd
p, and any neighborhood

of zero in Qd
p contains a subgroup.

Theorem Take U ✓ G and � : U ! g to be the Lie group isomorphism guaranteed by the above. By
translation, we can extend it to log : G ! g (no longer an isomorphism, but still a local diffeomorphism
and a group homomorphism) and this map is the unique homorphism of Lie groups satisfying d log

0

=

idg.

Example If K/Qp is a finite extension, then O⇥
K is a p-adic Lie group (since it’s an open subset of OK ⇡ Zn

p ,
and since

xy = 1 + (x� 1) + (y � 1) + (x� 1) (y � 1)

is a globally convergent power series.
Since its an open subset of OK , its tagent space can be identified with that of OK , and the logarithm
is the usual map

log : O⇥
K ! OK

from class field theory which is used to understand the structure of the higher unit groups of a p-adic
field.

Example 2 In the next section, we’ll compute another important example: the logarithm map on the
Jacobian of a smooth curve.

5 Integrals on Abelian varieties
Another brief interlude, returning to the setup of McCallum-Poonen. We have a Lie subgroup

J (Q) ! J (Qp) ,

and CCH implies that TJ (Q) ( TJ (Qp), so there is a functional � : TJ (Qp) ! Qp which kills it, so we
have an analytic function

J (Qp)
log! TJ (Qp)

�! Qp
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which is nonzero zero on J (Q). We can restrict this composition to a map

⌘ : X (Qp) ! Qp.

vanishing on X (Qp) \ J (Q). We want to count its zeros, and from the current perpective there doesn’t
appear obviously to be an easy to do this.

Now in the Archimedean case, there’s another useful characterization of the logarithm map which has a
much more geometric flavor, and we’d like to imitate it. Basically, the idea is this: the elements of Lie (G)

are functionals � on the space of invariant differential forms. For any such �, we can form the associated
flow, and then follow that flow out from the origin for one unit of time. That’s the exponential, and the
logarithm is defined to be its inverse, which is

⌘ : G ! Lie (G) = {invariant 1-forms}_

g 7!


! 7!
ˆ g

0

!

�

.

So we need a theory of integration. In particular, we need one so that the map just described is equal to
the Lie logarithm, so it must be (1) a homomorphism and (2) have d⌘

0

= id. When G is pZd
p, we can identify

G with its own tangent space in a canonical way, and so the only possible way to define our integration map
⌘ to simply set ⌘ equal this canonical identification. Now an invarian differential 1-form on pZd

p has the form
P

aidxi, and so we can

pZd
p ! Lie (G)

P 7!
X

aiPi.

In fact, treating ! =

P

aidxi =
P

aixi as a “finite power series” at zero, we see that this is exactly what we
get by formally integrating ! (tP ) from zero to one (since it’s a function of a single variable).

Now given a general Abelian variety A, we can find a neighborhood pZd
p
⇠
=

U ✓ A, and define integration
as above. Then we can extend it to be a homomorphism defined on all of G. Since its a homomorphism
with differential equal to the identity, it agrees with our old logarithm map.

Now the map linear form � constructed before corresponds to some specific invariant differential ! on J ,
and so the composite

J (Qp)
log! TJ (Qp)

�! Qp

is actually the map

Q 7!
ˆ Q

0

!.

In particular, this thing has the property that for any Q,Q0 2 X (Q) reducing to the same point,
[Q�Q0

] 2 J (Q), so ˆ Q0

Q
! =

ˆ Q�Q0

0

! = 0.

We can now prove the main theorem, in two steps:

1. If Q is point in one of our residue disks D ✓ X (Qp) over Q⇤ 2 X (Fp), then the map D ! Qp sending
Q0 ! ´ Q0

Q ! is an analytic mapping, and it vanishes on X (Q) ✓ X (Qp). A Newton polygon argument
says that when ordQ⇤

(f mod p) < p � 2 for a power series f , then its antiderivative has at most
ordQ⇤! + 1 zeros in a unit disk.

2. When p > 2g, the condition will be satisfied at every point (since ! can’t vanish to order > 2g + 1 at
any single point on the downstairs curve). Now we add them up:

#X (Q) =

X

Q⇤2X(Fp)

(1 + ordQ⇤!) = #X (Fp) +

X

Q⇤2X(Fp)

ordQ⇤!  #X (Fp) + 2g � 2.
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